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Abstract 
Let m, n 1 , n 2 . . . . .  n k be positive integers. In this paper we give several sufficient conditions that 
there exist integers al, a2, ..., a k, such that every integer belongs to at most m residue classes of 
(a imod n,}k:,. 
1. Introduction 
Let a mod n = {a + nx: x e 7/} for any positive integer n and any integer a. A 
system A = {aimod hi}k= 1 of residue classes is said to be disjoint if al mod n~ . . . . .  
akmod n k are pairwise disjoint. A sequence k {hi}i=1 of positive integers is called 
harmonic (1-harmonic) if there exist integers a~ . . . . .  ak such that the system 
{almodnl}k=~ is disjoint. In 1982, Huhn and Megyesi [1] proved that if pairwise 
greatest common divisors (ni, nj)(i ~ j )  are distinct and different from 1, then {nl}k= 
is harmonic. Sun [3] improved this result and showed the following: 
Let nl, n2, ..., nk be positive integers. Suppose that 
I{{i,j}" l <~i<j<~kand(n, ,n~)-=d}l< 8 
holds for all d e 7/+ with f(d) <~ k -2  (or d <~ 2k-2), where f(d) = F~= l ei(Pi -1 )  /f 
d = 1-I~=1P~' is the prime decomposition ofd. Then {n,}~=l is harmonic. 
In this paper we generalize and improve the above result. First we give the 
definition of m-harmonic sequence. 
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Definition 1. Let m >i 1 be an integer. A sequence k {n~}i= t of positive integers is said to 
be m-harmonic if there exist integers at .... , ak such that every integer belongs to at 
most m residue classes of {at mod hi}k= t. 
{ni}~ft of positive integers is Note. It is clear that if k ~< m, then any sequence k 
m-harmonic. So we need only to consider k 1> m + 1. 
Definition 2. A system {at mod ni}/k= t is said to be a regular m times covering system if
every integers belongs to at least m residue classes of {ai mod hi}k= t and any proper 
subcollection of {ai mod ni}~= t does not have this property. 
{ni}i= 1 be a sequence of positive integers and In this paper, let k 
Ak(d) = I{{i,j }: 1 <<. i < j <~ k, (n,,nj) = d}l, 
where IA[ denotes the number of elements in A. For h/> m let Ph(m) --~ N such that 
n e Ph (m) if and only if n is a modulus of some regular m times covering system 
{aimodmi}[=l with t ~< h. For h ~< m-1  let Ph(m)= qb. Simpson [2] showed that 
f(n) ~< h - 1 if n E Ph(1). Sun [4] proved that f(n) ~< h - 1 if n e Ph(m) for some 
positive integer m. Set 
~Ak(d), if de Pk-t(m), 
atkm)(d) = [0, if dSPk-t(m), 
S~")(n) = ~ a~m'(d). 
d=l 
The following conclusions are proved in this paper. 
Theorem 1. Let ~ >1 1 be any fixed real number. I f  
Stkm)(n) <. C(k,m,~)n ~+1, n = 1,2, ..., 
then {hi}k= 1 is m-harmonic, where 
1(  ct ~=+lf  c t+ l  yt~+l, k 
C(k,m,~)=~ \~-+--~ j \ -~-~ ] (k _ 1)~ _ _ m  ~+1. 
Corollary 1. Let ~ >/1 be any fixed real number. I f  
a(km)(1) ~< C(k, m, o0, 
and 
atkm)(d) <<. (ct + 1)C(k, m, ~)(d -1)  ~, d = 2, 3 .... , 
holds for all 2 <. d < (k(k -1)/(2C(k,m, at))) 1/<~+1), then k {ni}i= 1 is m-harmonic, where 
C(k, m, ~) is defined as in Theorem 1. 
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Theorem 2. If 
1 k 
S~:~(n) <~ -~ ~ (n - 1)(n +2), 
then k {nl}iffi i is harmonic. 
n--- 1,2, 3,..., 
Corollary 2. I f  
1 k 
a~'td) ~ ~ ~ d, 
holds for all 1 <~ d <~ 2k -3 ,  then {ni}k=~ is harmonic. 
Theorem 3. I f  
s(kl)(n) ~ -~(n 2 + n) + ½, n ~-- 1, 2,... ,  
then k 
Corollary 3. 
a~'(d) 
holds for all 
is harmonic. 
IfatkX)(1) = 0, atk~(2) ~< 1, arkS)(3) ~< 1 and 
~¼d 
4 <<. d <. 2k -2 ,  then k {ni}/= 1 is harmonic. 
2. Proofs of theorems and corollaries 
Lemma 1. l- ~ t- I f  {m,}i= 1 is not m-harmonic and {mi}i= 1 is m-harmonic, then 
1-1 
1 
i= t (mi, m,-------~) >~ m, 
where the summation takes over all 1 <<. i <~ l -1  with (mi, mr) ~ Pt-l(m). 
Proof. Since {mi}~-~ is m-harmonic, there exist integers al,a2 . . . . .  at-1 such that 
every integer belongs to at most m residue classes of {ai rood mi}~--~. Let at be any 
integer. Since {mi}l--1 is not m-harmonic, there exists an integer n which belongs 
to a~mod m~ and m residue classes of (almodmi}l~-~. Thus al belongs to at least 
m residue classes of {ai rood (mi, ml)}tl- -- ~ because a,(mod mz)c~ai(mod m~) ~ 0 implies 
at ~ ai mod (m, m~). So we have proved that every integer belongs to at least m residue 
classes of {aimod(mi, m~)}li-~. Let I be a subset of {1 ,2 , . . . , l -1}  such that 
{aimod(mi, ml)}i~1 is a regular m times covering system. Let 0 <~bi <(mi, m,) 
(1 ~< i ~< 1 -1 )  such that 
b i -  almod(m.ml).  
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x b' m 
i~l 1 - X (m''rn') ~ 1 - x 
0~x<l .  
Multiplying the above inequality by 1 - x and letting x ~ 1 we have 
So 
Z 1 
i~ l (mi, m,) >~ m. 
1--1 
y/ 
z= 1 (mi, mr) >" m. 
This completes the proof  of Lemma 1. []  
Lemma 2. For any inteoer t with 1 <~ t <<. k and any inteoer n >1 1 let 
Ak,(d) = I{{i,j }:1 ~< i,j <<. k, i ~ t , j  ~ t, (n~, nj) = d}l, 
fAk,(d), if d E Pk-2(m), 
a~7)(d) = (0, if dCPk-2(m), 
S~7)(n) = ~ a~7)(d). 
d=l  
Then we have 
s 7(n) 
Proof. Lemma 2 follows from 
Pk-z(m) ~-- Pk-l(m). 
We use induction on k to prove the theorems. It is clear that if k ~< m, then any 
sequence {ni}~'=l of positive integers is m-harmonic. Now suppose that one of the 
theorems is true for k = r - 1 (r t> m + 1) and not true for k = r. Then there exists 
a sequence {ni},'.= i of positive integers which satisfies the conditions of the theorem, 
but is not m-harmonic. Let j be any integer with 1 ~< j ~< r. We consider the sequence 
{ni}~=l.i~,j. By Lemma 2 we have 
s 7'(n) 
It is clear that C(r ,m,a) ~< C(r -1 , re ,  a) and r/(r -1 )  ~< (r - 1)/(r -2 ) .  Hence we can 
use the induction hypothesis on the sequence {ni},'.= 1,i ,  j. By the induction hypothesis 
we know that {ni}[=l.i~j is m-harmonic. By Lemma 1 we have 
1 
(n.-n.~>~m, j=1 ,2  .. . .  ,r. 
i= l , i# j "  1~ J; 
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Hence 
_ _  rm r 1 I> 
l_<z<j_<r(ni, . .= i=l , ic j(ni ,  nj) 2 
where the first summation is taken over all i, j with 1 ~< i < j ~< r and (nl, n j) ~ Pr- 1 (m). 
That is, 
~ a~")(d) rm 
~>~2 d=l  
Therefore, in order to prove the theorems, it is sufficient o prove that 
-~ a~m)(d) km 
~--  < 2 ' (1) 
d=l  
holds for all k ~> m + 1. For  doing this we give the following lemmas. [] 
n o~ Lemma 3. Let {a(n)}.~,, {b(n)}.~l and {d( )},=1 be three sequences and 
A(n) = ~ a(r), B(n) : ~" b(r). 
r= l  r= l  
Then for N <% M we have the following identity 
N M N- -1  
b(n)d(n) = ~ a(n)d(n) + ~ (B(n) -- A(n))(d(n) -- d(n + 1)) 
n=l  n : l  n : l  
M-1  
+ ~ (B(N) - A(n))(d(n) - d(n + 1)) 
n=N 
+ (B(N) - A(M))d(M).  
Proof. This can be derived from the following two Abel's identities: 
N 
b(n)d(n) = 
n=l  
M 
a(n)d(n) = 
n=l  
This completes the proof of Lemma 3. 
N 1 M-1  
~, B(n)(d(n) - d(n + 1)) + ~ B(N)(d(n) - d(n + 1)) 
n=l  n=N 
+ B(N)d(M),  
M-1 
A(n)(d(n) -d (n  + 1)) + A(M)d(M).  
n=l  
[] 
Lemma 4. Let B(n) be an increase function in integers n, B(O) = 0 and N be an integer 
such that B(N) >>, k(k -1)/2. Suppose that Stkm)(n) <~ B(n) (n = 1, 2 .. . .  ). Then 
atk")(n) <~ ~ b(n) 
n n n=l  n=l  
where b(n) = B(n) - B(n - 1), n = 1, 2 . . . . .  
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Proof. Let a(n) = a(k"O(n), d(n) = 1/n. Then 
A(n) = S(km)(n) ~ s(km)(oO) ~ k(k -1__....~) 
2 
For any M/> N, by Lemma 3 we have 
£ b(n___))>~ ~ a~')(n) 
rl rl n=l  n=l  
Letting M ~ ~ we have 
b(n)>>. £ atkm)(n) 
n=l  1'/ n=l  n 
This completes the proof of Lemma 4. 
<~B(N), n = 1,2,.... 
[] 
Proof of Theorem 1. Taking an integer N such that 
(k (k -1 )  )1/(~+1) 
N >. \ 2C(k, m, ~) > N - 1. 
Noting that e/> 1 and k t> m + 1 as in the note of Definition 1, by brute force we have 
( ~ mk x~ 1Dr (k (k -1 )~1, (~+1)k_ l f2e+l~ 
o~ + 1 2C(k,m, oO] - \2C(-k,m~),/ - m \ ~ +1 ] ~> 1. 
So 
Let 
Then 
~ mk ~l/at 
N< 
ot +12C(k,m,~) ] " 
B(n) = C(k,m, ot)n ~'+1, n = 1,2 . . . . .  
B(N) = C(k, m, ct)N ~+ 1 >. k(k - 1) 
2 
~ b(n) ~ B(n) 1 B(N) 
n n+l  + N 
<% C(k, m, e) n ~- 1 + N~ 
n=l  
ot+l  
< - -  C(k, m, e)N ~ 
mk 
2 
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By Lemma 4 and the above arguments we know that (1) holds for all k >~ m + 1. This 
completes the proof of Theorem 1. [] 
Proof of Corollary 1. Let N be as in the proof of Theorem 1. For n ~< N - 1 we have 
S~")(n) = ~ a~")(d) 
d=l  
+ +1, 
( f , )  <~ C(k, m, c~) 1 + (~ + 1) x ~ dx 
= C(k ,  m, ct)n ~'+ 1 
For n/> N we have 
k(k - 1) s(m)(rl) ~ s(m)(oo) 
2 
<~ C(k,m, ct)N ~'+1 <~ C(k,m,~)n ~+1 
By Theorem 1 we know that Corollary 1 is true. [] 
Proof of Theorem 2. Taking N = 2k - 2 and 
Then 
Thus 
1 k 
B(n) - - -  (n -1)(n +2). 
8k -1  
1 k 
b(1)=0,  b(n) 4k- ln (n~>2)"  
k(k -1 )  
B(N) >>. 
2 
N 
_ k b(n) 1 k (N - l )<  
~-  4k -1  2" n=l  
By Lemma 4 we have (1) holds for m = 1 and k >/2. This completes the proof of 
Theorem 2. [] 
Proof of Corollary 2. Noting the fact that atkm)(1)= 0, similar to the proof of 
Corollary 1, we can derive Corollary 2. [] 
Proof of Theorem 3. Taking B(0) = B(1) = 0, B(2) = 1, B(3) = 2 and 
B(n)=-~(n 2+n)+½ (n~>4). 
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Let N = 2k -1 ,  then 
k(k -- 1) B(N) >~- - ,  
2 
N 
2b(n)  1 1 ~ k (N-3) 
n=l  
By Lemma 4, (1) holds for m = 1 and k ~> 2. So Theorem 3 is true. 
Similar to the proof of Corollary 1, we can derive Corollary 3. 
[] 
[] 
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